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Large eddy simulation has been applied to prediction of an equilibrium three-dimensional turbulent boundary

layer (TBL). Subgrid-scale stresses were parameterized using a Lagrangian dynamic mixed model. The predicted
mean velocities and second-order statistics are in good agreement with direct numerical simulation results. Single-

point statistics are also generally similar to those found in other equilibrium three-dimensional TBLs such as the
¯ ow over a rotating disk and the turbulent Ekman layer. The modi® cation of shear stress producing structure by

mean ¯ ow three-dimensionality was also investigated. Joint probability density functions show that in the buffer
region the contribution to the shear stress from strong ejections is slightly larger than that from strong sweeps. The

conditionally averaged velocity ¯ uctuations in the buffer region indicate that streamwise vortices of the same sign
as the near-wall mean streamwise vorticity produce strong sweeps but weakened ejections, whereas those with the

opposite sign produce strong ejections but weakened sweeps. These features are found to persist within a moderate
increase in the Reynolds number, corresponding to a 20% reduction in the peak mean cross¯ ow velocity, and are

consistent with similar measures obtained in the turbulent ¯ ow over a rotating disk.

I. Introduction

A THREE-DIMENSIONAL turbulent boundary layer (TBL) is
a complex wall-bounded ¯ ow in which the direction of the

mean velocity varies continuouslywith distance from the wall; ex-
amples include the boundary layer over a swept wing and the ¯ ow
over a rotating disk. One of the most well-known features of three-
dimensional TBLs is that the vector formed by the turbulent stress
parallel to the wall is not aligned with the mean strain rate (e.g.,
Refs. 1±3). Accurate simulation and modeling remain dif® cult due
to this and other complicating features. For example, because of
the misalignment between stress and strain, predictions obtained
using isotropiceddy viscosity models will be inaccurate and ad hoc
modi® cation of the eddy viscosity to account for the misalignment
will yield a coordinate-dependent model applicable to only a nar-
row class of ¯ ows.4 Thus, more versatile predictive approaches are
required.

Large eddy simulation (LES) offers a promising technique for
simulation of complex ¯ ows such as three-dimensional TBLs. In
consideringpredictionof three-dimensionalTBLs it is important to
distinguishbetweenequilibriumand nonequilibrium¯ ows.Equilib-
rium boundary layers exhibit relatively slow streamwise variation
and the mean velocity may be collapsed by an appropriate scaling
while analogous scalings for nonequilibrium boundary layers do
not exist (e.g., Ref. 5). Experimental measurements have been ob-
tained mostly in nonequilibrium three-dimensionalTBLs in which
a cross¯ ow is induced by imposition of a spanwise pressure gra-
dient on an initially two-dimensional boundary layer (e.g., Refs. 4
and 6±10). Because of the complex con® gurationsconsideredin the
experiments, measurements tend to be sensitive to geometry and
details of the upstream conditions. For instance, three-dimensional
TBLs can become considerably more complex when the spanwise
pressure gradient reverses sign (due to a streamwise variation of
geometry), with the possibility of a complete reversal in sign of the
mean cross¯ ow in the inner part with respect to that in the outer part
of the boundary layer (e.g., Ref. 11).

Direct numerical simulation (DNS) has also been a useful tool for
exploring nonequilibrium three-dimensional TBLs. Moin et al.,12

Senstad and Moin,13 and Coleman et al.14 applied a spanwise
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pressure gradient to a fully developed turbulent channel ¯ ow.
Consistent with experiments in nonequilibrium three-dimensional
TBLs, the simulations show a reduction in the Reynoldsshear stress
as well as in the turbulencekineticenergywith increasingtransverse
strain. The directions of the Reynolds shear stress vector and the
mean velocity gradient vector were also found to differ. Sendstad
and Moin13 found that Reynolds stress production is suppressed
by streamwise vortices of both signs (with respect to the near-wall
mean streamwise vorticity) as compared with a two-dimensional
boundary layer. Recent ® ndings reported by Coleman et al.14 are in
agreement with the earlier work of Sendstad and Moin.13 The DNS
database obtained by Coleman et al.14 was also used by Piomelli
et al.15 in a priori tests of subgrid-scale(SGS) models for large eddy
simulation. Piomelli et al.15 found that, in general, nonequilibrium
effects on the subgrid scales appear to be less signi® cant than on the
large scales.

Equilibrium three-dimensionalTBLs are produced over in® nite
geometries and are three-dimensional from inception. Experimen-
tal measurements have been obtained in the ¯ ow over a rotating
disk (e.g., Ref. 2 and references therein) as well as through DNS
of the turbulent Ekman layer3 and the three-dimensionalTBL cre-
ated by a rotatingfreestreamvelocityvector.1 Spalart1 and Coleman
et al.3 presenteddetailedboundary-layerstatistics, showing that the
directions of the Reynolds shear stress vector parallel to the wall
alternately lead/lag that of the mean strain rate across the layer.
The mean velocity obeys the law of the wall but lacks an obvious
wake component.A reduction in the stress/energy ratio, common to
nonequilibriumthree-dimensionalTBLs, was alsoobserved.For the
purpose of evaluating LES predictions, an advantage of consider-
ing equilibriumboundary layers is that they are relatively free from
effects of system parameters, e.g., geometry and initial conditions.
Thus, the focus of this study is the equilibrium boundary layer cre-
ated by a rotating freestream velocity vector computed by Spalart1

using DNS. The ¯ ow is one of the simplest that can produce mean
¯ ow three-dimensionality, is statistically homogeneous in planes
parallel to the wall, and evolves to an equilibrium independent of
its initial conditions.

The principal improvement in development of LES as a viable
means for predictionof complex turbulent ¯ ows has been dynamic
SGS modeling. In dynamic formulations, model coef® cients are
calculatedusing the resolved (large-scale) ® eld rather than speci® ed
a priori. Several studies have demonstrated that dynamic models
work well in a wide variety of ¯ ows, yielding satisfactory results
whencomparedwith experimentsorDNS results(e.g.,Refs.16±24).
Applicationof LES and dynamicmodels to three-dimensionalTBLs
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is needed to further advance the technique as a tool for prediction
of complex turbulent ¯ ows.

There are two main issues that must be addressed in applying
LES and dynamic models to predictionof three-dimensionalTBLs.
The ® rst is the particularparameterizationof the SGS stress. In most
applications, SGS stresses have been modeled using eddy viscos-
ity formulations in which the SGS stress is assumed to be aligned
with the resolved strain rate. Zang et al.18 relaxed this constraint
by formulating a dynamic mixed model in their computation of a
driven cavity ¯ ow. Vreman et al.22 later discussed a mathematical
inconsistency associated with the Zang et al.’s model and obtained
improved predictionsof a temporally evolving mixing layer using a
mathematically consistent mixed model. Since the turbulent stress
and mean strain are not aligned in three-dimensionalTBLs, a mixed
model is an appropriatechoice for parameterizationof SGS stresses
in three-dimensionalTBLs.

The second issue relevant to application of dynamic models to
three-dimensional TBLs is determination of the model coef® cient
C . One of the main advantages of the dynamic formulation is that
it yields a coef® cient that can, in principal, be evaluated on a point-
by-point basis. However, in practice averages over homogeneous
directions have been employed in the majority of previous work
to avoid ill-conditioning associated with a local determination of
C (e.g., Ref. 19). Various investigators have developed localized
versions in which averaging is performed only over small regions
in space18 , 24 or along particle trajectories.21 Ghosal et al.23 em-
ployed a variational formulation to determine the model coef® cient
as a function of space and time, obtaining accurate predictions of
isotropic turbulence and the ¯ ow over a backward-facingstep. The
computationaloverheadassociatedwith the variationalformulation,
however, can be signi® cant. The Lagrangian formulationdeveloped
by Meneveauet al.21 yieldedaccuratepredictionsof canonical ¯ ows
such as isotropic turbulence as well as transitional and fully devel-
oped channel ¯ ow, with a relatively minor increase in simulation
overhead. Since spatial averaging is not required in the Lagrangian
approach formulated by Meneveau et al.,21 it is an attractive can-
didate for use in complex ¯ ows. Thus, the primary objective of
this study is application of LES to prediction of three-dimensional
TBLs using the dynamic mixed model proposed by Vreman et al.22

in which the model coef® cient is determined using the Lagrangian
formulation of Meneveau et al.21

Though the ¯ ow created by a rotating freestreamis geometrically
simple, the three-dimensionalTBL that results is complex and also
resemblesin many respectsthe disk ¯ ow ofLittell andEaton.2 Littell
and Eaton2 found that the location of the peak cross¯ ow velocity
did not scale with inner variables, though outer-layer scaling was
not indicated since the boundary-layer thickness was dif® cult to
measure because of the very low velocities at the boundary-layer
edge.Littell and Eaton2 also concludedthat the underlyingstructure
of three-dimensionalTBLs is similar to that advancedbyRobinson25

but with modi® cations caused by the presenceof the spanwise mean
¯ ow. A secondaryinterest of this work is to examine the structureof
the three-dimensionalTBL created by a rotatingfreestreamvelocity
and, in particular, to examine whether structural features similar to
those measured by Littell and Eaton2 exist.

An overview of the simulations is presented in the following sec-
tion. As shown in Sec. II, a Lagrangiandynamic mixed model is for-
mulated that uses the Lagrangianapproachdevelopedby Meneveau
et al.21 for computation of the model coef® cient. LES predictions
are compared with the DNS results of Spalart1 in Sec. III.A. Struc-
tural measures obtained using conditional sampling are presented
in Sec. III.B in the context of their similarities and differences to
similar measures obtained in the disk ¯ ow of Littell and Eaton.2

II. Simulation Overview
The boundary layer is created over a stationary in® nite plate by

a rotating freestream velocity as shown in Fig. 1. The pressure gra-
dient together with the no-slip condition imposed on the plate pro-
duces a skewed spanwise velocity pro® le. The ¯ ow is homoge-
neous in planes parallel to the wall and therefore prescription of
in¯ ow/out¯ ow boundary conditions is not needed. As shown in the
® gure, the freestream velocity has a magnitude U0 and rotates at
frequency f , which yields velocities in the x ¡ z laboratory system

u 1 = U0 cos( f t ) and w 1 = U0 sin( f t ). The associated pressure
gradient is

@p1
@x

= f U0 sin( f t ) and
@p 1
@z

= ¡ f U0 cos( f t )

The velocityvectorrotates in planesparallelto the wall, and there-
fore the wall-normal axis y is unaffectedby the rotating freestream.
On planes parallel to the wall, following Spalart,1 a total of four
sets of coordinate axes are used and are shown schematically in
Fig. 1: x ¡ z axes denote the stationary inertial laboratory system;
x 0 ¡ z 0 axes refer to a coordinate system aligned with freestream
where the freestream velocity vector is directed along the positive
x 0 axis; and x 0 0 ¡ z 0 0 axes are aligned with the wall shear stress vec-
tor, where the resultant wall shear stress P w is in the positive x 0 0
direction, making an angle a with the freestream velocity vector.
The ® nal set of x 0 0 0 ¡ z 0 0 0 axes was introduced by Spalart1 to ac-
count for the misalignmentbetween the wall shear stress vector and
Reynolds shear stress vector in a three-dimensionalTBL. The angle
between x 0 0 0 and x 0 0 is u ¤ = a ¡ C5( m f )/u2

s , where u s is the friction
velocity.1 The constant C5 is de® ned as the integral of the veloc-
ity deviation from the log law in the viscous sublayer. Spalart1 ob-
tainedC5 = 52using¯ at-platedatafromtwo-dimensionalboundary
layers.

Having de® ned the various coordinate systems, the same super-
script as used to de® ne the coordinate axes shall be used to refer
to quantities projected in that system. Fluctuating quantities shall
be denoted using a t subscript. For instance, u 0t is the grid-® ltered
instantaneous ¯ uctuating velocity component along the x 0 axis ob-
tained via u 0t = u 0 ¡ h u 0 i , where h ¢ i represents an average over time
and homogeneousdirections.The + superscript represents normal-
ization by the friction velocity u s . Vector and second-order tensor
transformations among the four systems are performed using stan-
dard tensor algebra operations.

Mass and momentum conservationis enforced for the large-scale
resolvedvariables,whichareobtainedby ® lteringtheNavier±Stokes
equations:

@ Åu j

@x j
= 0 (1)

@ Åu i

@t
+

@

@x j

Åu i Åu j = ¡
@ Åp
@xi

¡
@

@x j

s i j +
1

Rel

@2 Åui

@x2
j

(2)

In Eqs. (1) and (2) an overbar denotes the ® ltered variable. Ve-
locities are normalized by the freestream value U0, lengths by the
viscous depth d l = p (2 m / f ), where m is the kinematic viscosity.
The Reynolds number is then Rel = U0 d l / m .

Following Germano,26 the SGS stress s i j in Eq. (2) is written as

s i j = Lm
i j + Cm

i j + Rm
i j (3)

where Lm
i j , Cm

i j , and Rm
i j are the modi® ed Leonard, cross, and SGS

Reynolds stresses, respectively. As discussed in the previous sec-
tion, it is well known that the turbulent shear stress is not aligned

Fig. 1 Schematic of the three-dimensional TBL created over a station-
ary in® nite plate by a rotating freestream velocity.
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with the mean strain rate in three-dimensionalTBLs. In the context
of LES, although the anisotropy of the SGS motions is expected to
be smaller than thatof the large scales, the alignment forcedbetween
SGS stress and resolved-scalestrain in eddyviscosityparameteriza-
tions of Eq. (3) is troublesome. Inaccuraciesassociatedwith forced
alignment between stress and strain can be overcome by explic-
itly calculating the modi® ed Leonard stress Lm

i j and using an eddy
viscosity model for the cross term and SGS Reynolds stress. This
approach has been used by Zang et al.18 and Vreman et al.22 in the
formulation of dynamic mixed models, and s i j can be expressed as

s i j ¡ ( d i j / 3) s kk = ¡ 2C ÅD 2 j ÅS j ÅSi j + Lm
i j ¡ ( d i j /3)Lm

kk (4)

(see also Ref. 27) In Eq. (4), d i j is the Kronecker delta, ÅD =
( ÅD x

ÅD y
ÅD z)

1/ 3, and j ÅS j = p (2 ÅSi j
ÅSi j ) is the magnitude of the large-

scale strain rate tensor ÅSi j = (@ Åui /@x j + @ Åu j /@xi )/ 2. The modi® ed
Leonard stress is Lm

i j = Åu i Åu j ¡ =u i
=u j and, as shown by Germano,26

guarantees Galilean invariance.
In both Zang et al.18 and Vreman et al.22 spatial averaging was

used to determine the model coef® cient C . In this work C is de-
termined using the Lagrangian approach developed by Meneveau
et al.21 in which averaging is performed along ¯ uid pathlines rather
than over directions of statistical homogeneity. The principal ad-
vantage of the Lagrangian formulation is that the coef® cient can be
determinedon a point-by-pointbasisand also containshistory infor-
mation. Thus, the formulation of the dynamic mixed model is iden-
tical to that proposedby Vreman et al.22 but with a model coef® cient
C determined using the Lagrangian approach of Meneveau et al.21

FollowingMeneveauet al.,21 the model constantcan be expressed
as the ratio of two integrals, i.e., C(x, t ) = IL M / IM M , where IL M

and IM M are solutions to separate transport equations. To reduce
the computational cost associated with evaluation of IL M and IM M ,
Meneveau et al.21 adopted a simple time discretization. A similar
approach is adopted in this work in which the evolution of IL M and
IM M for the closure (4) can be expressed as

I n + 1
L M (x) ¡ I n

L M (x ¡ ÅuD t )

D t

=
1

T n {[(L i j ¡ Hi j )Mi j ]
n + 1(x) ¡ I n + 1

L M (x)} (5)

I n + 1
M M (x) ¡ I n

M M (x ¡ Åu D t)

D t
=

1

T n {[Mi j Mi j ]
n + 1(x) ¡ I n + 1

M M (x)}
(6)

where T = 2 ÅD I ¡ 1/4
L M is the time scale characterizingthe exponential

memory,

L i j = ª Åu i Åu j ¡ ÃÅu i
ÃÅu j , Mi j = ¡ 2( ÃÅD 2 j ÃÅS j ÃÅS i j ¡ ÅD 2 ªj ÅS j ÅSi j

)

and

Hi j = ªÃÅui
ÃÅu j ¡

ÃÅÃÅu i

ÃÅÃÅu j ¡ ( ª Åu i Åu j ¡ ª =ui
=u j ) (7)

Note that test ® ltering required for dynamic evaluationof the model
coef® cient is denoted using Ã¢ . Multiple ® ltering operations are per-
formed sequentially.18 , 22

The quantities I n
L M and I n

M M denote values at the previous time
step and are obtained by linear interpolation.The new values I n + 1

L M

and I n + 1
M M on the grid are then obtained.The result is a weighted sum

of the interpolatedpriorvalueand thecurrentsourcetermon thegrid:

I n + 1
L M (x) = H{²[(L i j ¡ Hi j )Mi j ]

n + 1(x) + (1 ¡ ²)I n
L M (x ¡ Åu D t )}

(8)

I n + 1
M M (x) = ²[Mi j Mi j ]

n + 1(x) + (1 ¡ ²)I n
M M (x ¡ Åu D t) (9)

where

² =
D t/ T n

1 + D t / T n
and H (X) = {X if x ¸ 0

0 otherwise
(10)

The ramp function H is introduced to clip the solution away from
complex values.

The governing equations (1) and (2) were solved using the frac-
tional step method.28 Second-order central differences were used
for approximation of spatial derivatives together with a mixed ex-
plicit/implicit time advancement of the discretized equations. The
continuity constraint was enforced by solving the Poisson equa-
tion for pressure using fast transforms together with tridiagonal
matrix inversion. At the upper boundary of the computational do-
main, the velocity was speci® ed as Åu = U0 cos( f t), Åv = 0, and
Åw = U0 sin( f t ). No-slip boundary conditionswere used at the wall
y = 0, and periodic boundary conditions were incorporated in the
x and z directions.

Calculationswere performedat Rel = 7.67 £ 102 and 9.53 £ 102.
As will be shown in Sec. III, this change in Reynolds number results
in a 20% reduction in the degree of mean-¯ ow skewing. In Spalart1

the Reynolds number was varied from 5.00 £ 102 to 7.67 £ 102 and
in the Ekman layer simulations of Coleman et al.3 from 4 £ 102

to 5 £ 102 . The size of the computational domain is guided by the
DNS of Spalart1 and Coleman et al.3 The horizontaldimensions L x

and L z are 1.6d , where d = u s / f is the turbulent boundary-layer
thickness (compared with 1.8d used by Coleman et al.3). In terms
of the viscous depth, L x and L z are 34.4d l at Rel = 7.67 £ 102

and 40.64d l at Rel = 9.53 £ 102. Spalart1 found that increasing the
horizontal dimensions from 2d to 4d increased the friction velocity
u s by only 0.5%. Coleman et al.3 found that the change in two-point
correlation functions by a similar increase in L x and L z is minimal.
The height of the computational box also extends to 1.6d .

The initial Cartesian velocity was prescribedas the laminar solu-
tionsuperimposedwith random¯ uctuations.From the initialinstant,
the governingequations for the large-scale ® eld were integratedus-
ing a coarse grid (333). After a statistically steady state had been
achieved (around 10 inertial time periods), the velocity ® elds from
the coarse grid computation were interpolated to a 653 grid. The
resolution in wall units was D x+ = D z+ = 23 at Rel = 7.67 £ 102

and 32 at Rel = 9.53 £ 102. Integration was then continued to
convergence. The sample size was taken to be one inertial period
T = 2 p / f , similar to that used by Coleman et al.3 For the 653

LES, the total number of grid points is about 5% of that used in
the DNS by Spalart1 at Rel = 7.67 £ 102 . Use of the Lagrangian
dynamic mixed model increases the computational cost of the cal-
culation by about 70% compared with simulations performedusing
the dynamic eddy viscosity model of Germano et al.16 in which av-
eraging over homogeneous planes is required to ensure numerical
stability.CPU requirementsfor calculationsusing the dynamiceddy
viscosity model with plane averaging are about 20% greater than
in simulations with no SGS model. Though the simulation cost is
increaseddue to the use of the Lagrangianmixed model, the overall
cost of the LES remains substantially smaller than a DNS.

III. Results
A. Statistical Measures

Mean velocity pro® les at Rel = 7.67 £ 102 are compared with
the DNS results of Spalart1 in Fig. 2a. Overall, there is good agree-
ment between LES predictions obtained using the Lagrangian dy-
namic mixed modelandDNS data with a slightoverpredictionof the
streamwise velocity.LES predictionsof the friction velocity u s and
wall shear stress angle a are within 2 and 1%, respectively, of the
DNS results of Spalart.1 Also shown are LES predictions obtained
from the dynamiceddyviscositymodel ofGermano et al.16 in which
averagesover x±z planesare used for evaluationof the model coef® -
cient.A larger overshoot in both the mean streamwise and spanwise
velocities is apparentusing the eddy viscosity formulation.As a re-
sult of the systemtransformationshown in Fig. 1, the spanwisecom-
ponent h w 0 0 0 i is negativeabove y+ = 10.The streamwisecomponent
obeys the familiar log law within 30 < y+ < 200, indicatinga sim-
ilarity of the three-dimensionalTBL to canonical two-dimensional
boundary layers (see also Ref. 1). However, there is no obvious
wake component in the distribution of h u 0 0 0 i + . Figure 2b shows the
meanvelocitypolarplot forbothReynoldsnumbers.Consistentwith
Spalart1 and Coleman et al.,3 the pro® le becomesmore shallowwith
increasing Reynolds number and is signi® cantly different from the
laminar solution. At Rel = 7.67 £ 102 and 9.53 £ 102, the maxi-
mum spanwise velocity h w 0 i p is 0.19U0 and 0.15U0, respectively,a
20% decrease in h w 0 i p correspondingto a reduction in the degree of
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a) Comparison with Spalart1 at Rel = 7.67 £ 102

b) Polar plot

Fig. 2 Mean velocity distributions.

a) Intensities b) Intensities

c) Shear stresses
d) Shear stresses

Fig. 3 Turbulence intensities and resolved shear stresses, Rel = 7.67 £ 102; lines, LES; symbols, Spalart.1

mean-¯ ow skewing. Figure 2b also shows that, within the Reynolds
number range considered, the height yp of the peak spanwise ve-
locity appears to scale with outer coordinates (yp/ d ¼ 0.044), con-
sistent with recent work in three-dimensionalTBLs summarized by
Eaton.29 In termsof innercoordinates,y+

p = 37 for Rel = 7.67 £ 102

and 48 for Rel = 9.53 £ 102 .
Turbulence intensities and resolved shear stresses (including

the SGS contributions) are compared with the DNS results from
Spalart1 in Fig. 3. As shown in Fig. 3a, in the inner region between
15 < y+ < 50, LES predictionsof the streamwise component u 0 0 0 +t ,rms

are greater than DNS results, whereas the wall-normal ¯ uctuations
v+

r ms are smaller, a behavior often observed in LES calculations.
When plotted in outer coordinates(Fig. 3b), resolved turbulencein-
tensities in the LES show good agreementwith Spalart1 throughout
the boundary layer. Reynolds shear stress pro® les plotted in inner
and outercoordinatesare shownin Figs. 3c and 3d, respectively.The
two primary shear stresses ¡ h u 0 0 0t Åv i + and ¡ h w 0 0 0t Åv i + predicted in the
LES are in excellent agreementwith the DNS results. The other off-
diagonal stress, h u 0 0 0t w 0 0 0t i , although not zero, does not contribute to
the transport of mean momentum. Also apparent is the sharp reduc-
tion in ¡ h u 0 0 0t Åv i relative to pro® les typically observed in canonical
two-dimensional boundary layers. Similar behavior in the ¡ h u 0 0 0t Åv i
stress is also evident in DNS calculations and experiments of other
equilibrium three-dimensionalTBLs (e.g., Refs. 2 and 3). This re-
duction is principally due to the action of the favorable spanwise
pressure gradient @p 1 / @z 0 = ¡ f U0 (Refs. 30 and 31).

Characteristics of the SGS model are shown in Fig. 4. Figure 4a
shows the contribution to the SGS stress from the eddy viscos-
ity part of the model, 2 h C ÅD 2 j ÅS j ÅSi j i 0 0 0 + , as well as that from the
modi® ed Leonard stress componentsLm

i j . The signs of the stresses
follow the resolved stresses shown in Fig. 3. The magnitude of the
modi® ed Leonard stresses is generally larger than the correspond-
ing modeled stress components.This is consistentwith the channel
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a) Averaged SGS stress components

b) Relativeanglebetween SGS stress vectorandresolved turbulent shear
stress vector

Fig. 4 Model characteristics, Rel = 7.67 £ 102 .

¯ ow calculations of Cabot32 in which the dynamic mixed model of
Zang et al18 was employed and Lm

12 was larger than the modeled
part throughout the channel. Shown in Fig. 4b is the relative angle
between the SGS stress vector and resolved turbulent stress vector.
Note the angle is an average of the local angles, which are calcu-
lated from the local stresses. Only the results below y/ d = 0.2 are
shown since in the outer region the angle depends increasingly on
the ratio of small quantities and is unreliable. It may be observed
that, on average, below y/ d = 0.02 the SGS stress leads the re-
solved stress, whereas for 0.02 < y/ d < 0.2 the SGS stress vector
lags the resolved stresses. Also note that the misalignment between
the SGS and resolved stresses is small, with a maximum about 10
deg located at the wall. Though not shown here, the angle formed
by the resolved stresses and mean strain rate alternates through-
out the layer with a maximum deviation of less than 15 deg below
y/ d = 0.4. The lead/lag in the angle throughout the layer is similar
to that observed by Spalart1 and Coleman et al.3 in DNS of equilib-
rium three-dimensionalTBLs. A relatively small angle between the
turbulent shear stress and mean strain was also measured by Littell
and Eaton.2

One measure of the ef® ciency of shear stress generation for a
given amount of energy is the structural parameter

A1 =
[h u 0 0 0t Åv i 2 + h w 0 0 0t Åv i 2]

1
2

u 0 0 0 2rms + Åv2
rms + w 0 0 0 2t ,r ms

For a canonical ¯ at-plate boundary layer, A1 is between 0.15 and
0.16 throughoutmost of the layer (e.g.,Ref. 4). Shown in Fig. 5a are
pro® les of A1 at both Reynolds numbers. Included with the pro® les
are the Ekman layer results from Coleman et al.3 at Rel = 4 £ 102

and the experimental measurements from a rotating disk at Reh =
1.66 £ 103 from Littell and Eaton.2 Within 0.1 < y/ d < 0.4, A1

a) A1

b) [u0 0 0 2
t,rmsw0 0 0 2

t,rms]/Åv
2
rms

Fig. 5 Structural parameters.

for the current three-dimensional TBL is between 0.13 and 0.14,
slightly lower than the values for two-dimensionalboundary layers.
Above y/ d = 0.4, A1 decreases as in the Ekman layer and the disk
¯ ow, although the values in this region should be viewed with cau-
tion due to uncertainties in their calculation.The three ¯ ows shown
in Fig. 5 are equilibriumthree-dimensionalTBLs and bear common
features such as rotation and in® nite geometry. As discussed by
Littell and Eaton,2 the irrotationalmotions in the outer region dom-
inate these three-dimensionalTBLs and cause strong attenuationof
A1 . In spatiallydevelopingnonequilibriumthree-dimensionalTBLs
such as the one studied by Anderson and Eaton,6 A1 was suppressed
near the wall and this suppressiondiffusedoutward, possibly due to
decreased importance of the outer irrotational motion. The ratio of
the wall-parallel normal stresses to wall-normal stress is shown in
Fig. 5b, togetherwith the results fromColeman et al.3 and Littell and
Eaton.2 In boundary layers this structural parameter is often used as
a crude measure of the ef® ciency of turbulentmixing (e.g., Ref. 33).
The current three-dimensionalTBL and Ekman layer show a reduc-
tion in this quantity with increasingdistance from the wall, indicat-
ing an increase in the ef® ciency of turbulent mixing. The reduction
observed in Fig. 5b is also consistentwith that observed in nonequi-
librium, pressure-driven three-dimensionalTBL experiments (e.g.,
Ref. 6).Littell and Eaton,2 however,observedan increasein the ratio
with increasingdistance from the wall and a peak in the outer region
of the boundary layer. One factor that could play a role in producing
such a difference is the vertical entrainment in the disk ¯ ow.

B. Structural Measures
As shown earlier, the statistical measures predicted in the LES

are in good agreement with the DNS results of Spalart.1 Many
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Fig. 6 Three-dimensional TBL structural model advanced by Littell
and Eaton2 and Eaton.29

of the trends observed in the LES are also present in the Ek-
man layer considered by Coleman et al.3 as well as the equi-
librium three-dimensional TBL over a rotating disk studied by
Littell and Eaton.2 Several observations can be made from these
and other three-dimensional TBL studies. First, certain differ-
ences exist between three-dimensionalTBLs and two-dimensional
boundary layers and also between equilibrium and nonequilibrium
three-dimensionalTBLs. Most notably, in a nonequilibrium three-
dimensional TBL the direction of the shear stress vector usually
lags that of the strain rate, whereas in the present three-dimensional
TBL and Ekman layer the vectors lead/lag throughout the layer
(in a two-dimensional boundary layer the stress and strain are
aligned).Littell and Eaton2 found a relatively small lag of the shear
stress relative to the strain rate. Second, in nonequilibrium three-
dimensional TBLs the parameter A1 usually increases with the dis-
tance from the wall, whereas in an equilibrium three-dimensional
TBL A1 decreases in the outer region. Furthermore, A1 is also
lower than the corresponding value in two-dimensional boundary
layers.

There are also indications that the structures of attached three-
dimensional TBLs are not drastically different from those in two-
dimensional boundary layers. For example, the law of the wall
applies to the mean streamwise velocity11; quasistreamwise vor-
tices and low- and high-speed streaks exist below y+ = 100.14, 29

This suggests that the shear stress producing structure in a three-
dimensional TBL is a modi® cation (by the cross¯ ow) of the struc-
ture existing in two-dimensional boundary layers. In an effort to
understand the modi® cation of shear stress production, Littell and
Eaton2 carried out conditional sampling experiments in the three-
dimensionalTBL over a rotatingdisk.Littell and Eaton2 considered
the near-wall coherent structuremodel of Robinson25 in a canonical
¯ at-plateboundarylayer as an approximationto the shear stresspro-
ducing structure in a three-dimensionalTBL. In Robinson’s model
most ejections are found on the upstream side of transverse vor-
tices, which often form head elements of one- or two-sided vortical
arches; strong sweeps occur primarily on the outboard side of tilted
necks.Based on this baselinemodel and their conditionallysampled
velocity ® eld, Littell and Eaton2 proposed that the modi® cation of
shear stress producingstructure by mean-¯ ow three-dimensionality
is that the cross¯ ow reduces the ability of streamwise vortices of
one sign to produce strong ejections,while weakening the ability of
thoseof vorticesof the other sign to producestrong sweeps (see also
Ref. 29). The sense of rotation of the streamwise vortices with re-
spect to that of the near-wall mean streamwise vorticity is shown in
Fig. 6. The model presented by Littell and Eaton2 and Eaton29 rep-
resents a signi® cant step forward towards an improved understand-
ing of the structural features of three-dimensionalTBLs. However,
also note that Flack and Johnston34 found that in a nonequilibrium
three-dimensionalTBL the modi® cation of the near-wall structure
appears different than that advanced by Littell and Eaton.2 The sit-
uation is phrased by Littell and Eaton2 as follows: ª Two-point ve-
locity correlations from other three-dimensional boundary layers,
particularlythosebasedon `in® nite’ geometriesare needed to evalu-
ate coherent structuremodels as modi® ed by three-dimensionality.º
Thus, it is of interest in this study to investigate the modi® cation of
near-wall shear stress producing structures. In particular, the same
structural measures considered in Littell and Eaton2 are presented
in Figs. 7±9.

Contributionsof the large eddies to turbulentstressescan be stud-
ied by conditionallysampling the joint probability density function

a) y+ = 29

b) y+ = 271

c) y+ = 364

Fig.7 Jointprobabilitydensity function B(u0 0 0t , Åv) and Rel = 7.67 £ 102;
note that the origin is at ( ¡ 5, ¡ 5): ÐÐ , B(u0 0 0t , v) D u 0 0 0t D Åv, increasing
from 0.02%towardscenter in increments of 0.04%;- - -, strong ejections
BE(u 0 0 0t , v) D u0 0 0t D Åv, increasing from0.004%by 0.008%;and ± - ± , strong

sweeps BS(u 0 0 0t , v) D u 0 0 0t D Åv, increasing from 0.004% by 0.008%.

of the instantaneousvelocity ¯ uctuations.The joint probabilityden-
sity function B(u 0 0 0t , Åv) is de® ned as

B(u 0 0 0t , Åv) D u 0 0 0t D Åv = lim
T! 1

1

T S D T, D u 0 0 0t ! 0, D Åv ! 0 (11)

where D T is the time the ¯ uctuations spend inside the window
(u 0 0 0t § D u 0 0 0t , Åv § D Åv). The window width was chosen to be one-
eighth the corresponding rms ¯ uctuation. The conditional proba-
bility for a strong ejection, BE (u 0 0 0t , Åv), is calculated by sampling
B(u 0 0 0t , Åv) based on j u 0 0 0t Åv j ¸ 2u 0 0 0t ,rms Åv and Åv > 0. The condition

for a strong sweep event, BS(u 0 0 0i, t , u 0 0 0j, t ), is similarly de® ned with

Åv < 0. Shown in Fig. 7 are contours of B(u 0 0 0t , Åv), BE (u 0 0 0t , Åv), and
BS(u 0 0 0t , Åv) for Rel = 7.67 £ 102 at three elevations y+ = 29,
271, and 364 (y/ d = 0.035, 0.32, and 0.45). These locations cor-
respond to ¡ h u 0 0 0t Åv i obtaining its maximum, zero, and minimum
values (see Fig. 3c and 3d). Near the surface, contours of B(u 0 0 0t , Åv)
are tilted toward the II±IV quadrant. Further above this elevation,
the degree of tilting decreases gradually and the contours become
axisymmetric, corresponding to the zero stress value at the second
elevation. Above the second elevation, tilting is toward the I±III
quadrant where the sign of the stress ¡ h u 0 0 0t Åv i changes from posi-
tive to negative. In a two-dimensionalboundary layer the Reynolds
stress generally does not change sign across the layer; except for
separated ¯ ows (e.g., see Baskaran et al.35). Figure 7 also shows
the likelihood of strong ejection and strong sweep events. At the
elevation near the surface where the stress ¡ h u 0 0 0t Åv i is maximum,

S BE (u 0 0 0t , Åv) ¼ 1.1 S BS (u 0 0 0t , Åv), indicating in the buffer region
where ¡ h u 0 0 0t Åv i is large, contributions of strong ejections to this
stress component are only slightly larger than strong sweeps. As
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a) Rising event Åvr 03 = 0 > 1.4Åvrms

b) Strong ejection event u0t, r 03 = 0 Åvr 03 = 0 < ¡ 2u0t,rms Åvrms, Åvr 03 = 0 < 0.

Fig. 8 Conditionally averaged wall-normal ¯ uctuations at the eleva-
tion of maximum h u0 0 0t Åv i .

a) Sinking event Åvr 03 = 0 < ¡ 1.4Åvrms

b) Strong sweep event u 0t,r03 = 0Åvr 03 = 0 < ¡ 2u 0t,rms Åvrms, Åvr03 = 0 < 0

Fig. 9 Conditionally averaged wall-normal ¯ uctuations at the eleva-
tion of maximum h u0 0 0t Åv i .
discussed in Robinson,25 in a canonical two-dimensionalboundary
layer ejection motions are the major contributor to Reynolds shear
stress in the region beyond y+ ¼ 12. Visualizations by Ander-
son and Eaton6 showed that wall streaks in their three-dimensional
TBL appeared more stable, suggesting that bursting occurs less
frequently in a boundary layer with mean-¯ ow skewing (see also
Ref. 29). Flack and Johnston34 found that three-dimensionalityap-
pears to stabilize the near-wall region by producing fewer vortical
ejection events, which is also consistent with the smaller ratio of
ejections to sweeps shown in Fig. 7a. The results in Fig. 7 are then

consistent with the notion that the structure in a three-dimensional
TBL is a modi® cation of that in a two-dimensional boundary
layer.

In a canonical two-dimensional boundary layer, the contribution
to upward and downward motion by streamwise vortices of either
sign is statisticallythe same (see Fig. 6). Although the vortical struc-
ture may not necessarily occur side by side, the contribution to
strong ejection (or strong sweep) motion by streamwise vortices
of either sign is also statistically identical (e.g., Refs. 25 and 36).
Thus, further insight into the modi® cation of near-wall turbu-
lence by mean-¯ ow three-dimensionalitymay be gained by looking
into the behavior of conditionally averaged wall-normal ¯ uctua-
tions.

Figure 8a shows the average wall-normal ¯ uctuations near a ris-
ing event, de® ned similarly to Littell and Eaton2 as Åvr 03 = 0 >1.4 Åvrms .
In a canonical two-dimensional boundary layer the distribution is
symmetric with respect to the origin. As seen in Fig. 8a, relative
to the origin r 03/ d = 0 the upward vertical motion around a rising
event is asymmetric on the upstream and downstream side of the
cross¯ ow. However, the degree of asymmetry is small, indicating
an approximately equal contribution from positively signed (same
as mean streamwise vorticity below yp , see Fig. 6) and negatively
signed streamwise vortices. This quasisymmetry is consistent with
the cross¯ ow not destroying streamwise vortices having the oppo-
site sign as the mean streamwisevorticity.Figure 8b shows the aver-
age wall-normal velocity near a strong ejection event, u 0t ,r 03 = 0 Åvr 03 = 0

< ¡ 2u 0t ,r ms Åvrms , Åvr 03 = 0 > 0. The vertical motion in the vicinity of
a strong ejection has a larger degree of asymmetry with respect to
r 03 = 0, which suggestsa nonuniformmodi® cationby the cross¯ ow
of structures producing these events. On average, around a strong
ejection the cross¯ ow on the downstream side has a larger upward
motion compared with the upstream side. This indicates that strong
ejections are more likely to be associated with negatively signed
streamwise vortices, as illustrated schematically in the structural
model of Littell and Eaton2 in Fig. 6. Note that if strong ejections
are more likely to be associatedwith positively signed vortices, one
would ® nd a larger downward motion on the downstreamside of the
cross¯ ow, which would be contrary to the results shown in Fig. 8b.
Also note that the conditional sampling is carried out in the buffer
region where the primary shear stress is maximum (at y+ = 29 and
38 for Rel = 7.67 £ 102 and 9.53 £ 102 , respectively).This eleva-
tion is below the locationof the peak in the mean cross¯ ow velocity
(y+

p = 37 and 48; see Fig. 2b). Conditionallysampled data from Lit-

tell and Eaton2 at Reh = 1.66 £ 103 was obtained at y+ = 133,
which was above the elevation corresponding to the peak in the
mean cross¯ ow velocity(y+

p = 60 in their work). The results shown
in Fig. 8 exhibit very similar features as measured by Littell and
Eaton.2

Similar observations can be made by studying the average
wall-normal ¯ uctuations near sinking events, de® ned as Åvr 03 = 0 <

¡ 1.4 Åvrms . As shown in Fig. 9, around a sinking event, the down-
ward vertical motion exhibits only a slight asymmetry with respect
to the origin, again indicating the existenceof nearly equal numbers
of positively and negatively signed streamwise vortices. Shown in
Fig. 9b are the averagewall-normal ¯ uctuationsnear a strong sweep
event.The asymmetry in thewall-normal¯ uctuationsis notas strong
as observedin Fig. 8b but does appear to suggesta nonuniformmod-
i® cationof the structuresresponsiblefor strong sweeps.On average,
around a strong sweep event, the downstream side of the cross¯ ow
has a larger downward motion compared with the upstream side.
This indicates that strong sweeps are more likely to be associated
with positively signed vortices (cf. Fig. 6). If this were not true, i.e.,
if strong sweep events are more likely to be associated with nega-
tively signed vortices, one would ® nd a largerupward motion on the
downstreamside of the cross¯ ow. Although not shown here, certain
off-diagonal two-point correlations with nonzero spanwise separa-
tion and that are symmetric in a two-dimensional ¯ at-plate bound-
ary layer are strongly asymmetric in the present three-dimensional
TBL.37 The asymmetry in spanwise velocity correlations and the
behavior shown in Figs. 7±9 are similar to those measured in the
experiment by Littell and Eaton2 and support the structural model
advanced in their work.
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IV. Summary
Large eddy simulation of an equilibriumthree-dimensionalTBL

was performed. The ¯ ow considered is one of the simplest that can
produce mean-¯ ow three-dimensionality; it is statistically homo-
geneous in planes parallel to the wall and evolves to an equilib-
rium independent of its initial conditions. A Lagrangian dynamic
mixed model was formulated to parameterize the SGS stress. The
computed mean velocity components, turbulence intensities, and
Reynolds stresses show good agreement with the DNS results.

Single-point statistics are similar to the DNS Ekman layer results
and existing measurements from a rotating disk. In these ¯ ows the
mean streamwisevelocityobeysthe usual log law, butwithoutan ob-
vious wake component, shear stresses show a signi® cant reduction
compared with canonical two-dimensionalboundary layers. Unlike
other nonequilibriumthree-dimensionalTBLs, A1 in these equilib-
rium three-dimensional TBLs tends to decrease in the outer layer.
Joint probability density functions show that in the buffer region
the contributionto the turbulent shear stress from strong ejections is
slightlyhigher than that from strong sweeps. Conditionallysampled
velocity ¯ uctuations around rising/sinking and around strong ejec-
tion/sweep events tend to support Eaton’s three-dimensional TBL
structural model. In the presence of a cross¯ ow, although the to-
tal number of positively and negatively signed streamwise vortices
are approximately the same, their ability to produce shear stress is
modi® ed by mean-¯ ow three-dimensionality,leavingvorticesof one
sign that are more ef® cient at producingejections,whereas those of
the other sign are more ef® cient at producing sweep. These proper-
ties, thoughpossiblynot applicableto spatiallydevelopingnonequi-
librium three-dimensional TBLs, are to some degree universal for
equilibrium three-dimensionalTBLs, especially those over in® nite
geometry, which are three dimensional from inception.
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